We present a new hybrid multiconfigurational method based on the concept of range-separation that combines the density matrix renormalization group approach with density functional theory. This new method is designed for the simultaneous description of dynamical and static electron-correlation effects in multiconfigurational electronic structure problems.
I. INTRODUCTION
Molecular systems with close-lying electronic states possess an electronic structure that is dominated by strong static electron correlation. Examples are (i) molecules far from their equilibrium structure and (ii) many transition metal complexes, where static correlation is often sizeable. A method tailored to recover static correlation is the complete active space (CAS) ansatz 1 for the wave function. This ansatz defines an active space of n act electrons in N act orbitals, in which the exact solution of the electronic Schrödinger equation is obtained by considering a full configuration interaction (FCI) expansion of the wave function. Accordingly, the CAS wave function is defined by the number of active electrons and orbitals and the active space is denoted as CAS(n act ,N act ).
In the conventional CAS ansatz, the construction of a FCI expansion leads to a factorial scaling with respect to increasing values of n act and N act . As a consequence, active orbital spaces limited to about CAS (18, 18) are computationally feasible. By contrast, the density matrix renormalization group (DMRG) 2,3 algorithm, originally developed for interacting spin chains in solid-state physics, iteratively converges to the exact solution in a given active orbital space with polynomial rather than factorial cost 4 . With DMRG, active orbital spaces are accessible that are about five to six times larger than those of standard CASSCF algorithms. To exploit this advantage, an increasing number of quantum-chemistry DMRG implementations have emerged since the late 1990s . Methods, with (DMRG-SCF) and without (DMRG-CI) a simultaneous optimization of the orbital basis, were devised and a few comprehensive reviews are a) Electronic mail: erik.hedegard@phys.chem.ethz.ch b) Electronic mail: hjj@sdu.dk c) Electronic mail: markus.reiher@phys.chem.ethz.ch also available [27] [28] [29] [30] [31] [32] [33] [34] . Yet, even with larger active orbital spaces at hand, essential parts of the remaining dynamical electron correlation cannot be efficiently accounted for within a DMRG framework. Multireference CI (MRCI) in its internally contracted form 35 and multireference perturbation theory (MRPT) approaches 36, 37 have been combined with DMRG. Such approaches may be summarized as 'diagonalize-then-pertub' in the state-specific case and as 'diagonalize-then-perturb-then-diagonalize' in the state-avarage quasi-degenerate case 38 . The first step aims at the inclusion of static correlation effects in the zeroth-order Hamiltonian while capturing dynamical correlation in subsequent steps. Although potentially accurate, such a strategy comes with a caveat. This caveat is rooted in the need for higher-order reduced density matrices (n-RDMs, with n > 2) of the active space DMRG wave function which leads to a considerably steeper scaling of the MRPT or MRCI step compared to the preceding DMRG(-SCF) step. A notable exception is the very recent development of a variational perturbation approach that exploits the matrix-product structure of the DMRG wave function and optimizes the first-order correction to the wave function iteratively by the DMRG protocol 39 .
In this paper, we pursue a yet unexplored strategy to effectively treat dynamical electron correlation within the DMRG approach. We propose a simultaneous treatment of dynamic and static correlation using density functional theory (DFT) for the dynamical-correlation part, rather than aiming for a conventional two-step approach. As a consequence, the overall scaling cost does not exceed that of the DMRG calculation. This feature will become particularly advantageous when the approach is applied to large systems. In turn, the coupling of DFT to a CAS-type wave function method provides the required flexibility for cases where static correlation becomes important and where DFT is likely to fail [40] [41] [42] [43] . Although hybrid approaches between wave function theory (WFT) and DFT have not been considered for DMRG yet, they have already been studied with other wave func-tion methods [44] [45] [46] [47] [48] [49] [50] . While approximate DFT functionals will introduce errors on the absolute scale, relative energies for hybrid WFT-DFT approaches can be obtained with good accuracy [51] [52] [53] [54] [55] . To avoid the double-counting problem of electron-correlation effects, we take advantage of the method originally proposed by Savin 44, 46 which is based on a range separation of the two-electron repulsion operator into a short-range and a long-range part. The short-range part of the electron interaction is then treated by DFT, while the long-range part is assigned to the WFT approach. The resulting hybrid WFT-DFT method is denoted (long-range) WFT-short-range DFT (in short, WFT-srDFT) 47 . In this work, we present the (long-range) DMRG-short-range DFT variant, abbreviated as DMRG-srDFT. The theory is formulated generally and applies both to traditional CAS configurational interaction (CAS-CI) and to DMRG. It further offers a natural extension to excited states.
Besides the dynamical correlation problem, a critical issue for all CAS-based methods is the composition of the active orbital space 56 . It is a well-established procedure [57] [58] [59] to make the orbital choice based on natural orbitals (NOs) and their occupation numbers (NOONs). In addition, significant deviations (> ±0.02) of NOONs from the Hartree-Fock limit of 2 (occupied orbitals) and 0 (virtual orbitals) have been considered as multireference indicators. In the framework of DMRG, two other measures, namely the single-orbital entropy 12 and the mutual information 14, 60 , have become popular 61 . These entropy measures are calculated from the oneorbital RDM -in the latter case, also from the twoorbital RDM -and can be exploited to examine the multireference character of a wave function and/or trace the amount of static and dynamic electron correlation in an electronic wave function 62 . Being orbital-based measures, these entropy measures share with NOs the appealing feature that they can simultaneously serve as indicators for multireference character as well as selection criteria for the active space. With our new DMRGsrDFT approach, we will explore the effect of effectively treating dynamical correlation through the short-range DFT functional on entropy measures.
The paper is organized as follows: In Section II, we briefly outline the theory of range-separated hybrid methods and discuss the key steps for a combination of short-range DFT with long-range DMRG. Section III briefly summarizes technical details of the implementation of our DMRG-srDFT approach. Computational details are given in Section IV before we proceed with the first applications of DMRG-srDFT in Section V. By comparison to well-known examples, namely H 2 O and N 2 , for which accurate reference data are available, we investigate the effect of different active spaces up to FCI for the long-range wave function along the symmetrical bond stretching coordinate. H 2 O and N 2 can serve as prototypical examples for both singlereference and multireference methods, as their ground-state electronic structure becomes increasingly multiconfigurational upon bond elongation. In addition, we highlight differences in entropy measures calculated with DMRG and DMRG-srDFT wave functions. In Section VI, we conclude with a brief summary of our findings and outline future developments.
II. THEORY
In this paper, we generally work in Hartree atomic units and exploit the second-quantization formalism. Orbital indices p, q, r, s denote spatial general orbitals, i, j, k, l inactive (doubly occupied) orbitals, and u, v, x, y active (partially occupied) orbitals, thus following the notation by Roos, Siegbahn, and co-workers 63, 64 . The electronic non-relativistic Hamiltonian then reads aŝ
whereV nn is the nuclear repulsion potential energy operator and the one-and two-electron integrals over molecular orbitals φ i (r) are defined as
The operatorsĥ andĝ(1, 2) are given in first quantization: As usual,ĥ contains the operators for the kinetic energy of an electron and its interaction with all nuclei in the system, whereasĝ(1, 2) is the two-electron repulsion operatorĝ
TheÊ pq andê pqrs operators are defined in terms of creation and annihilation operators,
Then, the electronic energy for an electronic wave function Ψ can be written in terms of the one-and twoelectron RDMs,
and
respectively, as
where the operatorV nn is written as a potential energy V nn of the nuclear framework since it does not depend on electronic coordinates, which are the dynamical variables integrated out in the energy expectation value. In CAStype methods, parts of the RDMs will be associated with inactive electrons and the computational evaluation of the energy expression can be further simplified by splitting it into separate contributions for inactive and active electrons. The corresponding formalism will be elaborated in the following subsection.
A. Complete-Active-Space Configuration Interaction
By dividing the one-electron RDM into an inactive part ('I'),
A uv }, we may write the CAS-CI energy expression as a sum of an inactive energy (E I ) and an active energy (E A ):
where
The inactive energy E I is equal to the Hartree-Fock energy expression for the doubly-occupied orbitals. The matrix element f I pq denotes an element of the inactive Fock matrix The energy expressions in Eqs. (9)- (11) hold for any CAS-type method, including those with orbital optimization such as the Complete-Active-Space Self-ConsistentField (CASSCF) method.
B. Range-separated CAS-CI hybrids with DFT
The two-electron repulsion operator 46, 47, 54, 66, 67 can be separated into a long-range ('lr') part and a short-range ('sr') part,ĝ
involving a range-separation parameter µ that cancels upon addition of both parts. This decomposition of the electron-electron interaction operator has been applied in various WFT-srDFT hybrid methods 44, 46, 47, 54, 66, 68, 69 . In this paper, the long-range and short-range parts of the interaction operator are separated by virtue of the error function 44 ,ĝ
In the following, the long-range and short-range twoelectron integrals, g lr pqrs and g sr pqrs , are the integrals in whichĝ(1, 2) of Eq. (3) has been replaced byĝ µ,lr (1, 2) andĝ µ,sr (1, 2), respectively. All two-electron integrals, and therefore also the resulting electronic energy, depend on the range-separation parameter µ to be fixed prior to a calculation. For the sake of brevity, we refrain from denoting this explicit dependency for the integrals and for the energy in what follows.
In the next step, the short-range part of the electronelectron interaction energy is described by DFT with a tailored (short-range) functional E sr Hxc [ρ] of the total electron density
We note that the limits µ = 0 and µ → ∞ then correspond to Kohn-Sham DFT and ab initio WFT, respectively. The srDFT functional is partitioned as usual in DFT methodology into a Hartree (Coulomb) term, E 
while the explict form of E sr xc [ρ] depends on the choice of the approximate functional. We have implicitly defined the short-range two-electron Coulomb potentials j sr pq in Eq. (18) .
For finite µ, the CAS-CI energy expression of Eq. (9) becomes
where the first two terms are identical to Eq. (9) 
which by insertion in Eq. (16) leads to
in an obvious notation. As E sr Hxc [ρ] is non-linear in the one-electron density matrix, we note that
This has the consequence that an exact CAS-CI-srDFT expression is state specific, and we cannot diagonalize a matrix to obtain exact CAS-CI-srDFT electronic energies of several roots. As holds in general for state-specific methods, this implies that the CI expansions for different states of the same symmetry will be non-orthogonal. 
are the matrix elements of the short-range exchangecorrelation potential. We can now define the stateaveraged CAS-CI-srDFT method for M electronic states, using the reference density matrix elements
and thus
w i ρ i , where the weights w i add up to one. Although the CI expansions now will be orthogonal, the equations are still non-linear. The most straight forward optimization procedure is an iterative method, in many ways similar to Hartree-Fock theory; this will be described in Sec. III.
We proceed by noting that in any CAS-CI model ∆D pq = ∆D
If only one root is used (M = 1), the formalism will coincide with a state-specific optimization. In the DMRGsrDFT variant, all equations above hold, but a DMRG protocol (see the following subsection) optimizes the active density matrices.
C. The DMRG ansatz and correlation measures
A given electronic wave function can be expanded in terms of occupation number vectors,
Here, the configuration-interaction expansion coefficients are written as a coefficient tensor, ψ σ1···σ L , according to the tensorial construction of the 4 Nact -dimensional Hilbert space from N act spatial orbitals. In DMRG terminology, each spatial orbital defines a site with four possible one-electron states,
The quantum-chemical DMRG approach builds up the CAS wave function by first arranging the set of (active) orbitals {φ A u } in a linear order according to some optimization recipe (e.g., according to the single-orbital entropies calculated from a few DMRG sweeps). In our second-generation, i.e., matrix-product-operator-based implementation of the DMRG algorithm 24, 25 , each site has an associated set of operators in matrix representation. While optimizing the site matrices iteratively, the DMRG protocol constitutes a variational optimization with respect to the total electronic energy. One-and two-electron RDMs as in Eqs. (6) and (7), can then be evaluated. For our DMRG-srDFT method, these density matrices are required to evaluate the energy expression in Eq. (28) .
In order to estimate the multireference character of the target molecule in terms of orbital-based descriptors, we exploit the fact that the DMRG wave function can be easily partitioned into two (open) quantum systems within the DMRG algorithm: One or two orbitals are embedded into all remaining orbitals of the active space. If |n denotes the states defined on this single orbital (or on the two orbitals, respectively) and |j those defined on the remaining orbitals of the CAS, the partitioning yields an RDM operator for the states defined on the embedded orbital(s),ρ
where the environment states |j and |j are traced out. The one-orbital (or two-orbital) RDM evaluated as an expectation value of the RDM operator in Eq. (31),
is then diagonalized to obtain four (or sixteen) eigenvalues n α,u (or n α,uv ) for orbital φ 
measures the degree of entanglement 71 of the four possible states defined on orbital u with all states defined on the environment orbitals. Similarly to Eq. (33), the entanglement of all 16 states defined on two orbitals embedded in the complementary orbital space of the CAS is measured by the two-orbital entropy,
Eq. (34) also contains single-orbital contributions, which can be eliminated by subtracting the single-orbital entropies of orbitals u and v, which defines the mutual information 12,14,60 ,
III. IMPLEMENTATION
Our DMRG-srDFT implementation is based on an existing CI-srDFT program 70 and provides an interface between a development version of the Dalton 73,74 program and the Maquis quantum chemical DMRG program 25 . Maquis is a genuine DMRG program based on matrix product operators. Both regular and short-range inte-FIG. 1. Flow chart for the DMRG-srDFT implementation reported in this work. Each iter denotes a macro-iteration, and the DMRG (or CI) uses sufficient sweeps (or micro-iterations) to achieve convergence within each macro-iteration. grals are calculated with Dalton. To be closer to the operational expressions used in the program we split the total energy in Eq. (28) into inactive and active parts as in Eq. (9). The inactive part then becomes
where the fixed state-average ('SA') energy, E SA fixed , contains short-range terms that depend only on the inactive and the reference density matrices 
with the state-averaged active reference density matrix
Recall that the active reference density matrix is kept fixed during the CI or DMRG optimization, and can therefore be assigned to the inactive energy. It changes only in each macro-iteration as it is obtained from the wave function of the previous iteration. The active part of the energy is We emphasize that steps 1-3 and the scheme in Figure  1 hold for both DMRG-srDFT and general CI-srDFT (if DMRG is replaced by CI). The first-order optimizer in the previous work 70 did not consider any convergence acceleration or damping schemes and convergence problems were frequently observed. In order to (partially) solve the latter issue we introduce a simple, dynamical damping scheme. In iteration iter, we modify
where α is a dynamically adjusted damping factor.
IV. COMPUTATIONAL DETAILS
All calculations employed a Dunning cc-pVDZ basis set 75 for C, H, and N. The DMRG-srDFT calculations were performed with the Goll-Werner-Stoll shortrange functional 68 (srPBE) for the srDFT part setting the range-separation parameter to µ = 0.4 according to Ref. 47 .
The structures considered in this work correspond to the ones used by Olsen et al. 72 for H 2 O and by Chan et al.
76 for N 2 . For H 2 O, we exclusively consider the symmetric stretch coordinate. The truncated active orbital spaces for H 2 O and N 2 comprise all valence electrons and orbitals required for a balanced description of the valence electronic structure along the stretching mode, that is DMRG (8, 8) for H 2 O (corresponding to 'CASB' in Ref. 72 ) and DMRG (6, 6) for N 2 . Active spaces corresponding to FCI (DMRG-FCI) within the cc-pVDZ basis set are DMRG(10,24) for H 2 O and DMRG (14, 28) for N 2 . The number of renormalized DMRG block states m was set to m = 512 for H 2 O while for N 2 higher m values of up to m = 2048 were required for technical reasons to achieve similar convergence as in Ref. 76 . Accordingly, we specify the DMRG data as DMRG(n act ,N act ) [ 81 , and Chan et al. 76 for N 2 . The first part of this section is concerned with the effect of a truncation of the CAS both for standard DMRG and for DMRGsrDFT. In the second part, we investigate the change in the correlation measures described in Section II upon a simultaneous description of static and dynamic correlation in the wave function. A. The effect of truncating the active orbital space
In the following, the DMRG and DMRG-srPBE results are compared in terms of the total energy and of the non-parallelity error (NPE). The NPE measures the difference between the absolute maximum and minimum deviations from the DMRG-FCI potential curve over the internuclear distances considered (see e.g. Ref. 82) . The NPE would be zero if the curves differed by a constant shift.
Starting with H 2 O, the energies calculated at several distances along the symmetric stretching coordinate are summarized in Table I . The DMRG (10, 24) [512] data agree well with the FCI results by Olsen et al. 72 which also shows that the number of renormalized activesubsystem block states m = 512 is sufficient to achieve FCI accuracy with DMRG. Turning to N 2 , all results are compiled in Table II . We first note that our reference DMRG (14, 28) [2048] results are in good agreement with the results reported by Chan and co-workers 76 . For both H 2 O and N 2 , the effect of truncation in the active space is much smaller for DMRG-srPBE than for standard DMRG. We elaborate further on this below.
With respect to the NPEs of DMRG-srPBE, Tables I and II take the standard FCI data as reference.
For this reference, the NPEs are for H 2 O 0.0595 (DMRG (10, 24) [512]-srPBE) and 0.0592 (DMRG (8, 8) [512]-srPBE), respectively. Thus for H 2 O, the NPE of DMRG-srPBE is in between the NPEs of PBE (0.0342) and PBE0 (0.0677). The NPEs are for N 2 0.0986 (DMRG (14, 28) [1024]-srPBE) and 0.0984 (DMRG (6, 6) [1024]-srPBE), whereas the PBE functional gives an NPE of 0.0691. We note that for N 2 , the PBE0 functional even crosses the DMRG (14, 28) [2048] curve, which is neither observed for DMRG-srPBE nor for standard PBE, and which makes it impossible to calculate a well-defined NPE. More importantly, the NPEs of the truncated-active-space DMRG-srPBE are in both cases, H 2 O and N 2 , nearly identical up to ∆(NPE) = 0.0003 with their DMRG(FCI)-srPBE reference. This substantiates the above finding that even for truncated active spaces accurate results close to DMRG(FCI)-srDFT quality are within reach; an observation that will be important for large molecules with very large active spaces beyond the limits of DMRG.
B. Correlation and multireference measures
In a recent study 62 , we suggested that single-orbital entropies, s u , and mutual information, I uv , can serve as descriptors to trace and classify multireference character. We found that a balanced active space should comprise all orbitals with s u > 0.5 and/or all orbitals within a range of 0.01 < I uv < 0.1. As these descriptors can be a useful guide to construct optimal active orbital spaces for DMRG and standard CAS-type calculations 62 , they may complement a selection procedure based on natural orbital occupation numbers. The single-orbital entropies and mutual information for H 2 O and N 2 calculated at various stretched structures are summarized in Figures  2 and 3 , respectively. In these entanglement plots the magnitude of the single-orbital entropy for each orbital is determined by the size of the corresponding red circle while the mutual information is encoded by line color and thickness; the thicker and darker the connecting line between two orbitals the larger is their mutual information. Considering first the standard DMRG data in the upper parts of Figures 2 and 3 , our entanglement data confirm the chemically intuitive choice that all orbitals involved in O−H or N−N bonding need to be included in a minimal CAS. In addition, in accordance with the boundaries of the entanglement measures defined above for standard DMRG 62 , the stretched H 2 O and N 2 molecules display significant multireference character. In contrast, both the single-orbital entropies and the mutual information are significantly smaller for DMRG-srDFT than for DMRG. For both molecules a major part of the dynamical correlation is indeed treated by the srDFT functional, while static correlation is efficiently taken care of by the longrange wave function. Upon bond stretching, static correlation becomes more dominant, but the amount of dynamic correlation assigned to the long-range wave function remains effectively constant (cf. the patterns of green lines in the lower parts of Figures 2 and 3 when proceeding from left to right). From the above discussion it is also clear that the recommended boundaries for assessing a minimum active orbital space with entanglement measures need to be revised for range-separated hybrid methods. Similar conclusions have been drawn with respect to the boundaries for natural occupation numbers as active-orbital space measure for the CASSCFsrDFT 67 hybrid approach.
VI. CONCLUSION AND OUTLOOK
We have presented the development and first implementation of a hybrid approach that couples DMRG and DFT using a range-separation ansatz. To analyze the DMRG-srDFT approach, we considered as prototypical examples the (symmetrically) dissociating H 2 O and N 2 and compared our results to literature data obtained with well-established wave function approaches. Our calculations demonstrate that DMRG-srDFT with a truncated active orbital space yields relative energies considerably closer to the reference (FCI) calculations than standard DMRG calculations with the same (truncated) active space. Most importantly, the truncated DMRGsrDFT approach is of almost equal quality as DMRGsrDFT with a FCI active orbital space. These findings for DMRG-srDFT underline that the dynamical correlation lacking in standard DMRG can be efficiently included in an effective manner with the advantage that the computational cost of both DMRG and DMRG-srDFT scale similarly.
Moreover, we studied the effect of a simultaneous treatment of static and dynamic correlation on orbital-based descriptors, namely single-orbital entropies and mutual information, that can be employed to trace the multireference character of a wave function. We find that (i) the single-orbital entropies and mutual information are consistently smaller for DMRG-srDFT than for DMRG, (ii) the major part of dynamical correlation is assigned to the short-range DFT part, which was the objective from the outset.
With DMRG as the wave function part, DMRGsrDFT provides access to much larger complete active orbital spaces than those feasible with any traditional CAS-type approach combined with DFT. This facilitates calculations with long-range CAS-type wave functions such that all remaining approximations are buried in the approximate short-range DFT functional.
Although we obtained encouraging results for our case studies when comparing our new DMRG-srDFT approach with truncated active orbital spaces to standard DMRG and FCI, further improvement is possible and work along these lines is in progress in our laboratory. An obvious issue is that the currently available approximate functionals are not spin-adapted. For structures with stretched O-H and N-N bonds, the wave function will have a large weight of configurations that describe a spin-coupling to a total singlet, and there is likely to be some error due to the lack of proper spin adaptation in the DFT part. This will also be a contributing factor to the observed larger NPEs for DMRG-srDFT compared to standard DMRG. Clearly, spin adaption of the shortrange functionals will further be crucial for molecules with an open-shell electronic structure 83 . Alternative approaches for a simultaneous treatment of static and dynamic correlation in a hybrid DMRG approach that avoid a range-separation ansatz exist. In future work, we are considering the pair-density functional theory which was recently put forward for MC-SCF methods 49 as well as the site occupation density functional theory proposed by Fromager 50 . It should finally be emphasized that in parallel to standard DFT methods, hybrids between DFT and wave function methods are also expected to have less dramatic dependence on the one-electron basis set than standard wave function methods. We are currently investigating this more quantitatively.
